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Electrons have three quantized properties – charge, spin, and Fermi statistics – that are directly
responsible for a vast array of phenomena. Here we show how these properties can be coherently
and dynamically stripped from the electron as it enters certain exotic states of matter known as a
quantum spin liquid (QSL). In a QSL, electron spins collectively form a highly entangled quantum
state that gives rise to emergent gauge forces and fractionalization of spin, charge, and statistics.
We show that certain QSLs host distinct, topologically robust boundary types, some of which allow
the electron to coherently enter the QSL as a fractionalized quasiparticle, leaving its spin, charge,
or statistics behind. We use these ideas to propose a number of universal, conclusive experimental
signatures that would establish fractionalization in QSLs.
Introduction – A notable example of emergence in
physics is fractionalization, where the long-wavelength,
low-energy excitations of a quantum phase of matter pos-
sess quantum numbers that are fractions of those of the
microscopic constituents. In a fractional quantum Hall
(FQH) state for example, the emergent quasiparticle ex-
citations carry fractional electric charge and “anyonic”
quantum statistics. In a quantum spin liquid (QSL), the
electron fractionalizes at low energies into two quasipar-
ticles – a spinon and a holon – that independently carry
the spin and charge of the electron [1–8]. When an elec-
tron is injected into such systems, it can decay into frac-
tionalized components, but a direct quantum mechanical
conversion of an electron to a single fractionalized quasi-
particle has conventionally been thought to be impossi-
ble. Consequently, the question of how to experimentally
detect fractionalization in a QSL, even in principle, has
remained a major challenge. It is particularly timely to
revisit this question, given that there are now a number
of materials that have recently been shown to exhibit
anomalous properties that may indicate that they are
QSLs - for a review, see [9].
Here we show that some QSLs allow electrons to co-
herently enter through their boundary as a fractional-
ized quasiparticle, leaving behind their charge, spin, or
even Fermi statistics. We show that this leads to univer-
sal experimental signatures that could provide incontro-
vertible evidence of fractionalization. Our considerations
are based on recent theoretical breakthroughs regarding
the physics of two-dimensional (2D) topologically ordered
states associated with extrinsic line and point defects [10–
19], of which robust boundary phenomena are a special
case.
We focus primarily on explaining these phenomena in
the context of the simplest gapped 2D QSL, the Z2 short-
ranged resonating valence bond state (sRVB) state, and
explaining how it can be distinguished from nonfraction-
alized magnetic insulators, or even from QSLs with dif-
ferent types of fractionalization. This type of QSL has
been proposed[20] to explain recent neutron scattering
experiments in ZnCu3(OH)6Cl2 (Herbertsmithite) [21],
and also a number of experimental observations of the or-
ganic compound κ-(ET)2Cu2(CN)3 [22]. We will build on
recent results that demonstrate that gapped fractional-
ized phases support topologically distinct types of gapped
boundaries [12, 15]. These results imply that the Z2
sRVB state necessarily supports exactly two topologi-
cally distinct types of gapped boundaries, referred to as
the e edge and the m edge [43], that are separated by a
topological quantum phase transition.
The Z2 sRVB state is an insulating, spin-rotationally
invariant gapped spin liquid state. That it is a legitimate
state of matter has been proven by constructing model
Hamiltonians with exact sRVB ground-states[6, 7, 23,
24]. At low energies, there are four topologically distinct
types of elementary quasiparticle excitations: (i) topolog-
ically trivial excitations, which can be created with local
operators, (ii) spinons and holons, which carry spin-1/2
and charge 0, or spin 0 and charge 1, respectively, (iii)
visons, which do not carry spin or charge and which have
mutually semionic statistics with respect to the spinons
and holons, and (iv) the composite of a spinon or holon
with a vison. Because electrons always carry both unit
electric charge and spin-1/2, the spinons and holons can-
not individually be created by any local combinations
of electron operators, and therefore must be topological
excitations. That spinons and holons are topologically
equivalent follows from the fact that one can be con-
verted into the other by the local operation of adding or
removing an electron. Moreover, the spinons and holons
can be either bosonic or fermionic, depending on detailed
energetics.
The Z2 sRVB state can be understood at low energies
in terms of a Z2 lattice gauge theory. In this language,
the spinons and holons carry the Z2 gauge charge, while
the visons are the Z2 fluxes. As a result, the spinons
and holons are sometimes referred to as the e particles
and the visons as the m particles. This state can also
be described at long wavelengths using Abelian Chern-
2Simons (CS) field theory [25, 26]:
L =
1
4π
KIJǫµνλa
I
µ∂νa
J
λ + Lmatter, (1)
where µ, ν, λ = 0, 1, 2 are 2+1D space-time indices; ǫµνλ
is the Levi-Civita tensor, K =
(
0 2
2 0
)
; I, J = 1, 2; and
Lmatter describes the fractionalized quasiparticles, which
are minimally coupled to the U(1) gauge fields aI . The
visons carry unit charge under a1, while the spinons and
holons both carry unit charge under a2. The CS term
binds charges to fluxes in such a way as to properly cap-
ture the nontrivial mutual statistics between spinons or
holons and visons.
Clever numerical studies of spin 1/2 frustrated Heisen-
berg models[27–30] provided evidence for gapped spin-
liquid ground states. However, it is not yet clear whether
the ground state in those models is a Z2 sRVB state or
a certain competing QSL, the “doubled semion” state,
which is characterized instead by K =
(
2 0
0 −2
)
.
Each topologically ordered phase, characterized by a
matrix K, can support topologically distinct types of
gapped boundaries. A classification of such gapped edges
[12, 15], when applied to the Z2 sRVB state, predicts ex-
actly two topologically distinct types of gapped edges.
As we explain below, these correspond to whether the e
or the m particles are condensed along the boundaries.
The doubled semion state, in contrast, possesses only one
type of gapped boundary (see Supplemental materials).
The edge theory can be derived by starting with the
Abelian CS theory (1). [For an alternative explanation,
see Supplemental Materials.] It is well-known [26] that
on a manifold with a boundary, Eq. (1) is only gauge-
invariant if the gauge transformations are restricted to be
zero on the boundary. This implies that on the boundary,
the gauge fields correspond directly to physical degrees
of freedom. One can derive an edge Lagrangian [26] in
terms of scalar fields φI :
L =
1
4π
KIJ∂xφI∂tφJ − VIJ∂xφI∂xφJ , (2)
where VIJ is a positive-definite velocity matrix. The
number of left (or right) movers is given by the num-
ber of positive (or negative) eigenvalues of the K ma-
trix. In a Hamiltonian formulation, the first term on the
right hand side of Eq. (2) implies that [φI(x), φJ (y)] =
iπK−1IJ sgn(x− y). Quasiparticles that carry unit charge
under aI are created with the operators eiφI .
In the Z2 sRVB state, the edge theory maps onto a
single-channel Luttinger liquid, as there are two conju-
gate fields, φ ≡ φ1 and θ ≡ φ2, with [φ(x), θ(y)] =
ipi2 sgn(x−y). A composite of two identical quasiparticles
in the Z2 sRVB state always corresponds to a topolog-
ically trivial excitation, and therefore ei2φI corresponds
Edge physics Edge type
Spin/charge conserved m
Heisenberg exchange to collinear SDW m
Heisenberg exchange J > Jc to N.C. SDW e
Magnetic field B > Bc at edge of XXZ system e
Pair tunneling tpair > t
c
pair to superconductor e
TABLE I: Summary of conditions under which an e or m
edge can be realized in the Z2 sRVB. Aside from the XXZ
case with an applied magnetic field B, the QSL is assumed to
be SO(3) spin rotationally invariant. The first two cases can,
in principle, also be gapless, instead of realizing the gapped
m edge. Jc, Bc and t
c
pair are the critical Heisenberg exchange,
magnetic field, and pair-tunneling strength needed to realize
the e edge, respectively.
to a local operator on the edge. There are thus two ba-
sic types of local terms, δLZ2 = λm cos(2φ) + λe cos(2θ),
with coupling constants λe,m, that effectively backscatter
counterpropagating modes and can induce an energy gap
on the edge. [44]
Because φ and θ are conjugate, the cosine terms can-
not simultaneously pin their arguments, so there are two
distinct phases. Where |λm| is the dominant coupling,
〈eiφ〉 6= 0 and 〈eiθ〉 = 0, implying that the m-particles
are condensed on the edge. Conversely, if |λe| is domi-
nant, the e particles are condensed on the edge: 〈eiθ〉 6= 0
and 〈eiφ〉 = 0. The two phases, referred to as the m edge
and e edge, respectively, are topologically distinct. In the
absence of any additional global symmetries, there is a
single quantum critical point between these two gapped
phases in the Ising universality class. [See the Supple-
mental Materials for additional discussion.]
In the presence of spin rotation and charge conserva-
tion symmetries, the modes φ and θ must represent either
low-energy spin or charge fluctuations (but not both),
depending on the physical situation. If they describe
charge fluctuations, then the charge density is given by
ρc =
1
pi
∂xφ, and h = e
iθ+inφ creates a holon which is
bosonic for even integer n and fermonic for odd n. The
operator e2iθ is a topologically trivial excitation that
carries charge 2 and no spin and is therefore physically
equivalent to a Cooper pair. Alternatively, if the boson
modes describe spin fluctuations, then the spin density
is Sz = 12pi∂xφ, and S
± = e±i2θ. The operator e±iθ+inφ
creates a spin-1/2 spinon that is bosonic or fermionic for
n, respectively, even or odd. In all cases, eiφ creates a
vison.
If charge and spin are conserved, any term proportional
to cos(2θ) is prohibited, because this term changes either
the charge or the spin of the edge. It follows that an e
edge is incompatible with spin and charge conservation;
the m-edge is the generic gapped boundary of a Z2 sRVB
if charge and spin are conserved.
We will now explore how an e edge can be realized in
a physically realistic system by bringing the edge into
3contact with another system with one or another pattern
of symmetry breaking. Our results, explained below, are
summarized in Table I. Let us begin by considering a re-
alization of a Z2 sRVB state with easy-plane, or XXZ,
spin-rotational symmetry. Again, this can be treated
from the perspective of an Ising gauge theory or from
the field theory perspective. In the bosonized edge the-
ory, the bulk U(1) spin rotational symmetry is associated
with the global transformation θ → θ+ f (where f is an
arbitrary constant), and therefore, so long as this symme-
try is not explicitly broken, terms that would pin θ, such
as cos(2θ), are disallowed. However, a magnetic field ap-
plied at the edge in an in-plane direction leads to a term
−µBB cos(2θ) (where µB is the Bohr magneton and B
is the magnetic field), which for strong enough magnetic
field can produce a phase transition to an e edge.
Now let us consider coupling a paired superconductor
to the edge of a spin liquid. For simplicity we will con-
sider a singlet superconductor, although the same results
apply for the triplet superconductor. At low energies the
dominant couplings between the superconductor and the
spin liquid include Cooper pair tunneling of the form
Hedge = tpair(Φ
†
qslΦsc +H.c.) (3)
where Φsc is the Cooper pair operator on the edge of
the superconductor, Φqsl is the Cooper pair operator on
the edge of the QSL, tpair is the pair-tunneling ampli-
tude, and H.c. stands for Hermitian conjugate. Φsc can
be replaced by a c-number because the Cooper pairs are
condensed in the superconductor. The first term there-
fore prefers to condense pairs of holons, which are the
Cooper pairs on the spin liquid edge. In the bosonized
field theory, this term corresponds to a perturbation
δLpair ∝ tpair〈Φsc〉 cos(2θ), where the charge density is
ρc =
1
pi
∂xφ. tpair can drive a phase transition into the e
edge, where single holons are also condensed: 〈eiθ〉 6= 0.
The Cooper pair tunneling does not need to overcome the
charge gap of the Z2 spin liquid. By tuning the chemi-
cal potential in the superconductor using a gate voltage,
the energy cost to adding holons to the edge can be made
much smaller than the charge gap. In this situation, even
a small pair-tunneling amplitude is sufficient to condense
the holons.
A similar analysis shows that strong Heisenberg ex-
change coupling to a non-colinear SDW can also realize
the e edge. Note that coupling an SO(3) spin rotation-
ally invariant QSL to a colinear SDW (Ne´el state) is not
by itself sufficient to realize the e edge, because the Ne´el
state has a residual U(1) spin rotation symmetry that
precludes spinon condensation.
Now that we have investigated the physical conditions
under which the distinct edge phases can be realized,
we turn to describing their physical implications. In the
Z2 sRVB, the electron cα can be thought of as a com-
posite of a bosonic holon b and a fermionic spinon fα:
cα = bfα, where α =↑, ↓. When the e edge is created by
A B
C D
FIG. 1: Proposed geometries to observe geometric resonances
(generalized Tomasch oscillations) in QSLs. dqsl and dsc are
the widths of the QSL and superconducting regions, respec-
tively. (A) An e edge is created by coupling to a supercon-
ductor (SC), in which case an electron can coherently enter
the Z2 sRVB as a fermionic spinon f . (B) At the domain
wall between e and m edges there is a Majorana fermion zero
mode, allowing electrons to coherently pass into the QSL as
a bosonic spinon z by emitting a vison v at the m edge. (C)
An e edge is created by coupling a spin-rotationally invariant
QSL to a noncolinear (N.C.) SDW, allowing an electron to
coherently enter the QSL as a fermionic holon, h. (D) The
Majorana fermion zero mode at the domain wall allows an
electron to coherently enter the QSL as a bosonic holon, b.
In (A) to (D), oscillations in I(V ) with a period determined
by dqsl [without oscillations in the bulk current Ib(Vb)] would
provide a conclusive signature of fractionalization in the QSL.
strong Cooper pair tunneling from a superconductor, the
bosonic holon is condensed on the edge. Consequently,
any electron tunneling term along the boundary between
the QSL and the superconductor becomes
δHedge = tc
†
qslcsc +H.c. = t〈bqsl〉f
†
qslcsc +H.c. (4)
Thus, at the e edge with a superconductor, the electron
can coherently tunnel into the spin liquid as a fermionic
spinon, leaving its charge behind at the edge. This would
not be allowed at them edge, at which the electron would
tunnel into the spin liquid as a whole. Depending on
details of the energetics of the excitations in the QSL,
the electron could subsequently decay into a holon and a
spinon.
There is a useful analogy here with Tomasch oscilla-
tions observed long ago in the context of superconducting
films [31]. These oscillations reflect processes in which an
electron with energy in excess of the superconducting gap
tunnels coherently from a metal into a superconductor,
where it becomes a Bogoliubov quasi-particle [32]. There
is a well-defined sense [33] in which the quasi-particles in
a conventional superconductor are neutral spinons, al-
4though the broken gauge symmetry of the superconduc-
tor makes this analogy somewhat subtle.
The possibility of a direct coupling between electrons
and fractionalized quasiparticles opens a new realm of
possible probes of QSLs. Given the existence of a mate-
rial with a Z2 sRVB ground state and stable fermionic
spinon quasi-particles, a direct experimental signature of
such coherent fractionalization of the electron could be
obtained by detecting a suitably generalized version of
Tomasch oscillations: Consider the local electron tunnel-
ing density of states (LDOS), measured at the boundary
of the superconductor, for a finite strip geometry (Fig.
1A). This will receive contributions from processes where
superconducting quasiparticles coherently propagate into
the spin liquid as fermionic spinons, reflect off the outer
boundary, and propagate back. If the spinon inelastic
mean free path is larger than the width dqsl of the QSL,
this leads to coherent oscillations of the LDOS as a func-
tion of the dimensionless ratio eV dqsl/~vqsl for voltages
V larger than both the spinon and superconducting gaps,
where vqsl is the spinon velocity in the QSL. Moreover,
incontrovertible evidence that the oscillations are associ-
ated with charge neutral excitations can be obtained by
simultaneously monitoring the bulk current (Ib in the fig-
ure), which in this case will be parametrically small and
free of signatures of coherent spinon interference. Note
that for an m edge, there would be no such coherent os-
cillations, as the electron must enter into the QSL as a
whole and would subsequently decay into a spinon and
holon.
Similar phenomena will occur when the e edge is cre-
ated through magnetic effects, such as through a mag-
netic field applied at the edge, or through coupling to a
noncolinear SDW. In these cases, the bosonic spinon is
condensed at the edge. We can write the electron oper-
ator as cα = hzα, where zα is a bosonic spinon, and h is
a fermionic holon. Now the electron-tunneling Hamilto-
nian at the edge becomes δHedge ∝ tαβ〈zα〉h
†
qslcβ;sdw +
H.c., where here we have included a spin-dependent tun-
neling matrix element tαβ . Thus, the electron in this
case can propagate coherently into the spin liquid as
a fermionic holon. If fermionic holons are stable frac-
tionalized quasi-particles, we again expect to observe the
Tomasch oscillations in finite strip geometries (Fig. 1C).
Treating the case of gapless spin liquids in a theoret-
ically controlled manner is more difficult than the case
of gapped spin liquids. Nevertheless, we expect that in
gapless systems such as Z2 spin liquids with Dirac points
in their spinon spectrum, or Z2 chiral spin liquids with
stable spinon Fermi surfaces[34], generalized Tomasch os-
cillations of the sort envisaged here would occur as well.
This is because (i) in such states, the Z2 gauge field is
gapped, and thus low-energy spinons can propagate co-
herently; and (ii) there is still a well-defined notion of
whether the spinons or holons have condensed near the
boundary.
At the boundary between two topologically distinct
segments of edge, localized exotic topological zero modes
that give rise to topologically protected degeneracies and
projective non-Abelian statistics [12]. In the case of the
Z2 sRVB state, the domain wall between e and m edges
localizes a Majorana fermion zero mode, with the follow-
ing physical consequences: Let us consider the case of the
superconductivity-induced e edge, where an electron can
coherently enter the QSL as a fermionic spinon. If this
process occurs in the vicinity of the domain wall between
an e and m edge, then the fermionic spinon can also
emit or absorb a vison from the m edge, thus becoming
a bosonic spinon. In other words, the Majorana fermion
zero mode is a source or sink of fermion parity, allowing
the electron to coherently enter into the spin liquid as a
bosonic spinon. If the fermionic spinon in the bulk of the
QSL can decay into a vison and a bosonic spinon, then
this geometry (Fig. 1B) will allow the Tomasch oscilla-
tions to be observed in the tunneling conductance. Sim-
ilar considerations show that when the e edge is induced
by magnetism, the electron can enter into the spin liquid
as a bosonic holon in the vicinity of the e-m domain wall
(Fig. 1D).
The considerations of this paper suggest ways to tune
through the topological phase transition that separates
the e and m edges, such as by applying a magnetic field
to the edge of an easy-plane QSL. This can be done by
taking a thin sample and shielding the bulk of the QSL
by sandwiching it between two superconductors. At the
edge quantum phase transition, there will be enhanced
thermal transport through the edge, leading to a non-
zero intercept at low temperatures in the thermal con-
ductance: limT→0 κ/T = NLc
pi2
3
k2B
h
, where NL is the
number of layers in the QSL, c = 1/2 is the central carge
of the edge critical point, and kB is Boltzmann’s con-
stant. Because neither the trivial paramagnet nor the
doubled semion QSL have topologically distinct types
of gapped boundaries, the observation of a topological
quantum phase transition at the edge of a gapped insu-
lating spin system would prove the existence of a fraction-
alized spin liquid state, and rule out the doubled semion
state. The present considerations are readily extended to
other sorts of topologically ordered states, such as those
that occur in fractional quantum Hall system.
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6Appendix A: Absence of gapless phase at Z2 sRVB edge
In the main text we argued that generically, in the absence of any global symmetry, the Luttinger liquid edge theory
of the Z2 sRVB will be in a gapped phase. Here we will briefly provide the details of this analysis.
Consider the Luttinger liquid edge theory of the Z2 sRVB state, which we write as:
L =
1
π
∂xφ∂tθ −
u
2π
(K(∂xθ)
2 +
1
K
(∂xφ)
2). (A1)
The two most relevant, allowed perturbations on the edge that lead to an energy gap are, as explained in the main
text,
δL = λm cos(2θ) + λe cos(2φ). (A2)
For a Luttinger liquid parameter K, the operator ei2φ has scaling dimension K, while cos(2θ) has scaling dimension
1/K [37]. Therefore, λm is an irrelevant perturbation when 1/K > 2, while λe is irrelevant when K > 2. We see that
it is impossible for both to be irrelevant simultaneously. This implies that unless there is a symmetry which prohibits
one of them to be zero, the gapless Luttinger liquid edge will be generically unstable to one of the two gapped edge
phases.
At K = 1, the model in Eqs. (A1,A2) can be solved exactly by refermionization [38]. One finds a phase transition
at |λm| = |λe| of the Ising universality class. This is in agreement with the fact that this model can be viewed as a
representation of a two-dimensional classical planar spin model with a two-fold anisotropy, which is expected to have
similar properties to the two-dimensional Ising model [39].
Note that the discussion above is not the most general possible analysis, as we ignore any possible current-density
coupling, ∂xθ∂xφ, which breaks both inversion symmetry along the edge, x → −x, and time reversal symmetry. We
also assume translation symmetry to simplify the analysis. A more systematic analysis of the possible edge structure
will include disorder as well, and is left for future work.
Appendix B: Z2 gauge theory description
1. Z2 sRVB
The long-wavelength effective theory of a Z2 quantum spin liquid consists of a Z2 gauge theory coupled to spinon
and holon matter fields. Here, we use this effective theory to demonstrate that a transition from an m edge to an e
edge can be induced by breaking either charge or spin symmetries at the edge.
The following effective Hamiltonian represents a lattice version of the low-energy theory:
H = −J
∑

∏
〈ij〉∈
σzij − λ
∑
〈ij〉
σxij −
∑
〈ij〉

tbσzijb†ibj + ∑
α=↑,↓
tsσ
z
ijs
†
iαsjα


+
∑
i

mbb†i bi +ms ∑
α=↑,↓
s†iαsiα +
∑
α,β=↑,↓
∆sǫαβs
†
iαs
†
iβ +H.c.

 . (B1)
Here, σzij are Ising degrees of freedom residing on the links of a two-dimensional square lattice (〈ij〉 are nearest
neighbor sites), and b†i , s
†
iα are bosonic operators that create a holon or spinon with spin α =↑, ↓ on site i, respectively.∑

represents summation over the plaquettes of the square lattice. J is the energy cost of a Z2 magnetic flux (vison)
on a plaquette, and λ is the strength of the kinetic term of the gauge field. tb, ts are the hopping amplitudes of the
holons and spinons, respectively; mb and ms are their masses. ∆s represents spin singlet pairing of the spinons. We
will assume that mb,s are sufficiently large, such that the holons and spinons are gapped in the bulk. In addition to
U(1) spin and charge conservation, the Hamiltonian (B1) is invariant under local gauge transformations: [H, Ui] = 0,
where Ui =
(∏
j∈+i
σxij
)
eipi(b
†
i bi+
∑
α s
†
iαsjα) (j is a nearest neighbor site of i). We work in the sector Ui = 1; in this
sector, a Z2 version of Gauss’ law is obeyed on every site.
Let us analyze the model (B1) in the limit λ≪ J , i.e., deep in the Z2 QSL phase. In this limit, to zeroth order in
λ/J , there are no magnetic fluxes in the ground state, i.e.
∏
〈ij〉∈ σ
z
ij = 1 for every plaquette. Consider a cylindrical
7system with Lx×Ly sites and periodic boundary conditions along the y direction. As discussed in the main text, the
gapped edges of the cylinder at x = 0, Lx are of the m−type. There are two degenerate ground states, corresponding
to sectors with an even or odd magnetic flux through the holes of the cylinder. In the sector where the magnetic flux
through the hole of the cylinder is zero, the we can always find a gauge for which σzij = +1 for all 〈i, j〉. (In the other
sector with one magnetic flux through the hole, one can find a gauge in which all the σzij = +1, except along a single
horizontal row.)
We now consider spin and charge conservation breaking perturbations on the edge. A proximity coupling of a
superconductor to the edge can be represented by the term ∆HSC = −∆
∑
j∈edge
[(
b†j
)2
+H.c.
]
, creating a pair of
charge e holons at the edge. The low-energy Hamiltonian describing the edge is then
Hedge =
∑
j
[
mbb
†
jbj − tbb
†
jbj+yˆ −∆
(
b†j
)2
+H.c.
]
, (B2)
where the summation runs over sites along the edge. Note that, after fixing the gauge, the local gauge invariance
of the original Hamiltonian (B1) becomes a global gauge invariance under bj → −bj for all j. The Hamiltonian
(B2) can be diagonalized by a Bogoliubov transformation. Upon increasing ∆, we find that the gap on the edge
closes at 2∆ = mh − 2 |tb|. The vanishing of the gap signals a condensation of the holon field bj. At larger values
of ∆, the spectrum of (B2) contains imaginary frequencies, and interactions between the holons [neglected in Eq.
(B1)] have to be included to retrieve stability. Presumably, the large ∆ phase is a broken symmetry phase, in which
〈b†jbj+l〉 → const. in the limit l→∞. This is the e−edge with condensed bosonic holons.
An analogous treatment in the case of an applied Zeeman field perpendicular to the z axis shows that for a sufficiently
strong field, a transition to an e−edge with condensed bosonic spinons occurs.
2. Doubled Semion
It has recently been pointed out that the doubled semion state, described in the main text in terms of the matrix
K =
(
2 0
0 −2
)
, can be understood in terms of Z2 lattice gauge theory [40]. To understand this description, consider an
interacting bosonic system which forms a Z2 symmetry-protected topological (SPT) state [41]. This is a topologically
non-trivial gapped Ising paramagnet, which is distinct from the conventional Ising paramagnet, and which has the
property that as long as the Ising Z2 symmetry is preserved, the edge has robust counterpropagating gapless modes.
In other words, in the Z2 SPT state, the only way to have a gapped edge is for the Z2 global symmetry to be broken
on the edge.
The doubled semion state can be understood as a state where the global Z2 symmetry of the Z2 SPT state has
been promoted to a local, gauge symmetry. The gapped edge of the doubled semion state must therefore necessarily
break the Z2 gauge symmetry. That is, in contrast to the Z2 sRVB state discussed above, the doubled semion state
cannot support a gapped edge that preserves the Z2 gauge symmetry. Therefore the doubled semion state has only
one topological class of gapped edge.
Appendix C: Gapless Spin Liquids
Here we provide a more extended discussion of the case where the quantum spin liquid of interest is gapless. We
focus on the case where the low energy effective theory of the spin liquid is described by a Z2 gauge field, coupled to
gapless spinons. If the spinons are fermionic, they could form Dirac nodes, as in a d-wave superconductor, or they
could form a Fermi surface. The latter case is stable as long as time-reversal and lattice inversion symmetry is broken.
Such states have been proposed to be realized in several different materials.
In the language of the previous section, the states with fermionic spinons can be described in terms of a lattice
8version of the low energy effective theory as
H =− J
∑

∏
〈ij〉∈
σzij − λ
∑
〈ij〉
σxij −
∑
ij

tbijσzijb†ibj + ∑
α=↑,↓
tfijσ
z
ijf
†
iαfjα +
∑
α,β=↑,↓
∆ij;αβf
†
iαf
†
jβ +H.c.


+
∑
i
(
mbb
†
ibi − µff
†
i fi
)
(C1)
As before, b represents the bosonic holes, and here we have considered the case where the stable spinons are fermionic,
described by fα. Depending on the band structure and chemical potential µf of the fermions, they may form either
a Fermi surface or a set of Dirac cones. Since the gauge field is Z2, pairing terms ∆ij;αβ are allowed in the effective
theory. Spin rotational symmetry requires the pairing terms to be spin singlet.
Let us consider coupling the edge of such a system to a superconductor, by adding a term
δHedge = tpairΦsc
∑
i∈edge
b†ib
†
i +H.c.− µ
∑
i∈edge
b†ibi, (C2)
where i sums over the sites near the edge. tpair is the amplitude for tunneling Cooper pairs onto the edge, and Φsc
is the pair amplitude in the superconductor. µ is a chemical potential for the edge, which can be tuned by changing
the chemical potential in the superconductor.
It is clear that in such a theory, the bosonic holons can either be condensed (〈b〉 6= 0), or uncondensed (〈b〉 = 0) on
the edge. In the former case, the Z2 gauge symmetry is broken near the edge, while in the latter case it is preserved.
These two cases cannot be distinguished by any local order parameter. The effective dynamics on the edge can be
analyzed in detail by integrating out the bulk fields, leading to an effective one-dimensional theory for the edge. Since
the bulk is gapless, the effective 1D edge theory would be dissipative and contain long-range interactions. Nevertheless,
the possibility of two phases, depending on whether the Z2 gauge symmetry is broken or not, is still sharply defined.
If the holons are condensed on the edge, then from the discussion in the main text it is clear that electrons can
coherently tunnel into the spin liquid as a fermionic spinon. Since the gauge field is gapped, the fermionic spinons can
propagate coherently as quasiparticles in the bulk. This should then allow the possibility of the generalized Tomasch
oscillations discussed in the main text.
It is straightforward to adapt the above discussion to the case where bosonic spinons can condense on the boundary.
In the above theory, the bosonic spinon corresponds to the composite of a vison and a fermionic spinon. Depending
on whether it is condensed on the edge, the Z2 gauge symmetry could be broken or preserved on the edge.
Appendix D: General Topological Classification of Gapped Edges
Here we will briefly review some recent general results regarding the classification of general gapped edges in
topological phases of matter. A general Abelian topological phase of matter can be described by Chern-Simons
gauge theory, characterized by a matrix K, as shown in the main text. In this theory, topologically non-trivial
quasiparticles are characterized by integer vectors, l, such that two quasiparticles l, l′ are topologically equivalent if
l = l′ +KΛ, where Λ is also an integer vector. The mutual statistics between two quasiparticles labelled by l and l′
is θll′ = 2πl
TK−1l′.
Remarkably, Abelian topological phases can have topologically distinct types of gapped boundaries [11, 12, 14, 15]
(see also [16, 42]). It has been shown recently that these are in one-to-one correspondence with certain subgroups
of fractionalized quasiparticles, called Lagrangian subgroups. A Lagrangian subgroup M is a maximal subgroup of
mutually bosonic quasiparticles that satisfies two conditions: (1) For every m, m′ ∈ M , eiθmm′ = 1, and (2) For
every l /∈M , there exists some m ∈M such that eiθlm 6= 1. The first condition guarantees that all particles in M are
mutually local with respect to each other, while (2) guarantees that every particle not in M has non-trivial statistics
with respect to at least one particle in M . The physical characteristic of a gapped boundary characterized by M is
that the topological quasiparticles in M can be created or annihilated near the boundary by local operators, even
though they are non-local topological excitations in the bulk of the system [12, 15].
As an example, the Z2 sRVB state has two different Lagrangian subgroups,
{(
0
0
)
,
(
1
0
)}
and
{(
0
0
)
,
(
0
1
)}
,
and therefore has two topologically distinct types of gapped boundaries. These are the e and m edges described in
the main text. The doubled semion theory has only one Lagrangian subgroup, corresponding to the quasiparticles
9{(
0
0
)
,
(
1
1
)}
, and therefore has only one type of gapped boundary, as explained through the language of Ising gauge
theory in Sec. B 2 above.
